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Abstract. The Cauchy problem for the derivative nonlinear Schrodinger equa- 
tion with periodic boundary condition is considered. Local well-posedness for 
data uo in the space H" (T) , defined by the norms 

ll u o||ga (T ) = IKO^oll^' , 

is shown in the parameter range s > A , 2 > r > | • The proof is based on an 
adaptation of the gauge transform to the periodic setting and an appropriate 
variant of the Fourier restriction norm method. 



1. Introduction and main result 
The Cauchy problem for the derivative nonlinear Schrodinger equation 

id t u + d„u = id x (\u\ 2 u) 

x /v (DNLS) 

u(D, x) = Uo{X) 

with data uq in the classical Sobolev spaces H s (R) of functions defined on the real 
line is known to be locally well-posed for s > |. This was shown by Takaoka in [53], 
where he improved the earlier ff 1 (R)-result of Hayashi and Ozawa [TU [121 US] . His 
method of proof combines the gauge transform already used by Hayashi and Ozawa 
with Bourgain's Fourier restriction norm method. A counterexample of Biagioni 
and Linares [2] shows the optimality of Takaoka's result on the 7J s (R)-scale of data 
spaces: For s < \ the Cauchy problem (jDNLSp is ill-posed in the C°-uniform 
sense, although the standard scaling argument suggests local well-posedness for 
s > 0. This gap of 1/2 derivative between the scaling prediction and Takaoka's 
result can be closed by leaving the iP(R)-scale and considering data in the spaces 
H*(M.) defined by the norms 

= \m s u \\ L r' , (?) = (i + e)K I + 1, = 1. 

We remark that these spaces coincide with B r i ^ (with weight fc(£) = (£,) s ) in- 
troduced by Hormander, cf. [TS], Section 10.1. The idea to consider them as data 
spaces for nonlinear Schrodinger equations goes back to the work of Cazenave, Vega, 
and Vilela [4], where corresponding weak norms are used. Yet another alternative 
class of data spaces has been considered by Vargas and Vega in [24] . 
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Concerning the (jDNLSj) equation on the real line, it was shown by the first 
author in [11] ; that local well-posedness holds for data in Hf.(R), provided s > | 
and 2 > r > 1. This generalization of Takaoka's result almost reaches the critical 
case, which is (s,r) = (|,1) in this setting. The proof uses the gauge transform 
again and an appropriate variant of the Fourier restriction norm method, which was 
developed in [10] . Furthermore, it relies heavily on certain smoothing properties 
of the Schrodinger group, expressed in terms of bi- and trilincar estimates for free 
solutions. 

On the other hand it could be shown by the second author in [TOj , that Takaoka's 
result concerning the real line can be carried over to the periodic case with the 
same lower bound s > h on the Sobolev regularity. This is remarkable, since 
there is a number of nonlinear Schrodinger and Korteweg - de Vries type equations, 
which are - due to a lack of smoothing properties - strictly worse behaved in the 
periodic setting than in the continuous case. To prove the result concerning the 
one-dimensional torus, the gauge transform had to be adjusted to the periodic 
case, see Section 2 of [TB]. The transformed equation is then treated by the Fourier 
restriction norm method. Here, the L 4 Strichartz estimate [551 13] turned out to be 
a central tool in the derivation of the nonlinear estimates. 

Now it is natural to ask for a synthesis of the two last-mentioned results, i. e., 
to consider the Cauchy problem (jDNLSp with uq in the following two parameter 
scale of data spaces. 

Definition 1.1. Let s € M, 1 < r < oo and £ + ^ = 1. Define H*(T) as the 
completion of all trigonometric polynomials with respect to the norm 

ll/ll^-HAfll^ (1) 

where J s is the Bessel potential operator of order — s given by J s f(£,) = (0 s /(£)• 

Remark 1. In contrast to the non-periodic case the continuous embedding if|(T) C 
£f*(T) holds true for any 1 < r < q < oo. Moreover, we have -ff|(T) = -fff (T) and 
more generally H^(T) C H^(T) for 1 < r < 2 by Hausdorff- Young, where H^(T) 
denotes the Bessel potential space of all u such that J s u € L r (T). If r = 2 we will 
usually omit the index r. 

The main result of this paper is local well-posedness of (|DNLS[) in these data 
spaces in the parameter range s > | and 2 > r > |. More precisely, the following 
theorem will be shown. 

Theorem 1.2. Let f < q < r < 2. For every 

u E B R := {u e Hr (T) | ||uo|| ~i < R} 

i ^ I 

and T < R~ 2q ~ there exists a solution u G C([— T, T], Hi? (T)) of the Cauchy 
problem (jDNLSj) . This solution is the unique limit of smooth solutions and the 
map 

( B R,\\-\\ s i) -^C([-T,T],H?(T)): u a ^u 

is continuous but not locally uniformly continuous. However, on subsets of Br with 
fixed L? norm it is locally Lipschitz continuous. 
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Remark 2. (i) The uniqueness statement in the theorem above can be sharp- 

ened, see Remark [5j 

(ii) Our methods rely on the L 2 conservation law, but not on the complete 
integrability of (|DNLS[) , see [19], and also apply to nonlinearities with 
(say) additional polynomial terms of type \u\ k u 

(iii) Solution always means solution of the corresponding integral equation 

ft 

u(t) = e ltd *u Q + i / e l(t - t ' ) ^d x {\u\ 2 u){t l )dt' , te (— T, T). 
Jo 

(iv) In view of the counterexamples in [16] . Theorem 5.3, and |17j . Theorem 
3.1.5, which are essentially of the same kind as the one already given in [23] , 
Proposition 3.3, we cannot expect any positive result for s < ^. Observe 
that the examples concerning the periodic case are monochromatic waves 
and so do not distinguish between an £|- and an R -norm. Concerning 
the second parameter r, we must leave open the question, whether or not 
there is local well-posedness for r < |. Nonetheless, we will show below 
that our result is optimal within the framework we use. 

Before we turn to details, let us point out, that in the periodic case almost 
nothing is known about Cauchy problems with data in the H^(T) spaces. The 
only result we are aware of is due to Christ [6], who considers the following 
modification of the cubic nonlinear Schrodinger equation on the one-dimensional 
torus 

id t u + d 2 x u ^ [\u\ 2 - 2^ \u\ 2 d^ju, (NLS*) 

with initial condition u(0) = uo S H^(T). He shows that for s > and r > 1 the 
solution map 

S : H a (T) — *C([0,(5o),i/ <T (T))nC* 1 ([0,oo),i/' T - 2 (T)) 

(a sufficiently large) "extends by continuity to a uniformly continuous mapping 
from the ball centered at of [arbitrary] radius R in H°(T) to C([0, r], # r s (T))" , 
where r depends on R, see Theorem 1.1 in [5]Q This result is shown by a new 
method of solution, which is developed in [5], a summary of this method is given 
in Section 1.5 of that paper. The positive result in [5] is supplemented in [DJ by 
a statement of non-uniqueness: For 2 > r > 1 there exists a non-vanishing weak 
solution u e C([0, 1], H°(T)) of (|NLS*|) with initial value u = 0, see Theorem 2.3 
in i0 

Using the function spaces Xp b , defined by the norms 

\\u\\ x ^ = \\(0 S (r + e) b u\\ q 'L^ 

where - + ■p = 1 (cf. [10], Section 2), we can actually show local well-posedness of 

the initial value problem associated to (|NLS*|) with data uq € if,J?(T), 2 > r > 1, 
thus giving an alternative proof (based on the contraction mapping principle) of 
Christ's result from [5]. The argument also provides uniqueness of the solution in 
the restriction norm space based on X®' b , see (2.37) and (2.38) in [ID]. It was the 



In [5] the data spaces are denoted as 7i s ' p (T), which corresponds to Hp (T) in our terms. 
'A precise definition of a weak solution is given in |U, Section 2.1. 
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starting point for our investigations concerning the (jDNLSj) equation and exhibits 
already some of the main arguments, so let us sketch this proof: 

We define the trilinear Operator C\ by its partial Fourier transform (in the space 
variable only) 

dtC^HO-^r 1 E »i(6)«a(&)S3(6), 

5 = £l+«2 + «3 

so that the (partial) Fourier transform of the nonlinearity in (|NLS*[) becomes 

By Theorem 2.3 from [10] it is sufficient to estimate the latter appropriately in 
-norms. Here, the second contribution turns out to be harmless, cf. the end of 
the proof of Theorem 12 . 41 below . So matters essentially reduce to show the following 
estimate: 

Proposition 1.3. Let r > 1, e > and b > i. Then 

3 

\\Ci(u 1 ,u 2 ,u z )\\ x q,-, < Y[ \\ui\\ x o,t. 

i=l 

Proof. Choosing /j G L r T such that H/ill^r'^y = H^illx - 6 ^ ne arj ove estimate can 
be rewritten as 



<-or E / n^#^r 2 



3 



<nn/'ik'^> ( 2 ) 



5 

i=l 



where erg = r + £ 2 , er^ = Tj + £f (i = 1,2) and 0-3 = r 3 — £|. By Holder's inequality 
and Fubini's theorem ^ can be deduced from 



sup(er ) re 



3 

E / H(^r rb d Tl d T2 < 00. (3) 

. -LC„-LC„ •* A 1 



s=e 1+ e 2 +<3 T=T1+T2+T3 



Using the resonance relation 

3 3 

+« 3 | = 2ie - a - 61 < X><> < n^) ( 4 ) 

i=0 i=0 

the left hand side of ([3]) is bounded by 

r 3 
E (^a>°-(e-6>°- / dndriHiai)- 1 - 

< E ^>°~ - ^)°-(r + e 2 - 2« - axe - 



e=5i+52+«3 

€l^£,£2#5 



where in the last step we have used Lemma 14.11 twice. Setting Z* = Z \ {0}, 
rii = £ — £j for i = 1,2 and r = 7iiri2 the last sum can be rewritten as 

^( T + e 2 -2r)- 1 -(r) Q - E 1 
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which is bounded by a constant independent of £ and r, since the number of divisors 
of r 6 N can be estimated by c £ r £ for any positive e. □ 

Three aspects of the preceding are worth to be emphasized in view of our inves- 
tigations here. 

Necessity of cancellations and correction terms: For r < 2 the above argu- 
ment breaks down completely without the restrictions £ ^ £1 and £ ^ £2 in the sum 
over the Fourier coefficients. As was pointed out already by Christ, this cancellation 
comes from the correction term \v)^dxu subtracted in the nonlinearity, and for 
any other coefficient in front of this term one cannot obtain continuous dependence 
(see [5], last sentence of Section 1.3 and the remark before (2.6)). A very similar 
cancellation turns out to be fundamental in our analysis of the (|DNLSp equation, 
but here the corresponding correction term comes from the gauge transform in its 
periodic variant, which is discussed in Section[6l Remark[4]below. In fact, the main 
contribution to the cubic part of the transformed equation is given by T*(u, u, u), 
where 

T*(t£^,u 3 )(0 = (Stt)- 1 "1(^1)^(6)^3(6). 

«=«i+5 2 +e 3 

Again, our argument would not work without the restrictions £ ^ £1 , £ 7^ £2 ■ 

Modification of the norms: If we try to estimate the term T*(ux, 1^2,1*3) in an 
A^ ,& -norm in a similar manner as in the proof of Proposition 11.31 we have to get 
control over a whole derivative, that is, on Fourier side, over the factor £3. The 
complete absence of smoothing effects (gaining derivatives) in the periodic case 
forces us to get this control from the resonance relation (j4|) only, which is the same 
for (IDNLSD as for l|NLS*jl . This means, that we have to choose the 6-parameters 
equal to — i on the left and to +5 on the right hand side of the estimate. Now, the 
necessity to cancel the £ 3 -factor and the resonance relation lead to the consideration 
of eight cases - some of them being symmetric - depending on which of the cr's is 
maximal and on whether or not |£6| < |£i£2|, see the table in the proof of Theorem 
12.41 below. Picking out the (relatively harmless) subcase, where |£6| < |^i£a| an d 
o~q is maximal, so that Ili=i( cr «) H — (°~o)^ , we are in the situation of the above 
proof, with a half derivative on each factor (as desired) but with a 6-parameter on 
the right of at most | , which means that we end up with the non-optimal restriction 
r > |. This leads us to introduce a fourth parameter p in the JT*' b -norms, which 
is the Holder exponent concerning the r-integration and may differ from r, see 
Definition 12.11 below. In our application here we choose p = 2, thus going back to 
some extent to the meanwhile classical A s ' 6 -spaces. 

Number of divisor estimate: The number of divisor argument at the end of the 
proof of Proposition 1 1 .31 has been used already in Christ's work and can be seen as 
a substitute for Bourgain's L 6 Strichartz estimate for the periodic case, which itself 
was shown by the aid of this argument, see Proposition 2.36 in [3]. We will need a 
refined version thereof, which is shown by elementary geometric considerations in 
Section [3] Here, we use arguments similar to those of De Silva, Pavlovic, Staffilani, 
and Tzirakis [8], Section 4. 

Concerning the organization of the paper the following should be added: In 
Section [2] we introduce the relevant function spaces and state all the nonlinear 
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estimates needed as well as a sharpness result. The crucial trilinear estimates and 
a counterexample are derived in Section [4j which is very much in the spirit of [20] . 
Section [5] deals with the quintilinear estimate. In both cases we have made some 
effort to extract the correct lifespan from the nonlinear estimates and to obtain 
persistence of higher regularity. By this we mean that the lifespan of a solution with 

(T)-data only depends on the smaller Hq (T)-norm of the initial value, where 
2 > r > q > |0 Finally, in Section the contraction mapping principle is invoked 
to prove local well-posedness for the transformed equation (j4"5)) . see Theorem 17.21 
Our main result, Theorem 1 1.2[ is then a consequence of Lemma 16.41 on the gauge 
transform. 

We close this section by fixing some notational conventions. 

• The Fourier transform with respect to the space variable (periodic) 

^x/(0 - 7(0 = -4= r f(x)e-^dx (/ G L\T)) 



'27T Jo 

The Fourier transform with respect to the time variable (nonperiodic) 
T t f{r) = J= / f(t)e- itT dt (/ G L\R)) 



/2vr 

• The Fourier transform with respect to time and space variables T = TtT x 

• For the mean value integral we write 

jj f{x)dx = ^ Jj f(x)dx (/ G L 1 (T)) 

• Let a G M. The expressions a± denote numbers a ± e for an arbitrarily 
small e > 

• For a given set of parameters (typically a subset of e, 8, is, p, q, r, s) the 
statement A < B means that there exists a constant C > which depends 
only on these parameters such that A < CB. This is equivalent to B > A. 
We may write A <C B if it is possible to choose < C < i . 

• For all parameters 1 < p < oo the number 1 < p' < oo is defined to be the 
dual parameter satisfying - + ^ = 1. 

Acknowledgement. The second author gratefully acknowledges partial support 
from the German Research Foundation (DFG), grant KO 1307/5-3. 

2. Function spaces and main estimates 
Let <S(R x T) be the linear space of all C°°-functions / : K 2 — > C such that 
f(t,x)=f(t,x + 2ic), sup \t a d?d2f(t,x)\ <oo,a,/3, 7 GN 

(i,i)6l 2 

Definition 2.1. Let siel, Kr,»<oo and - + 1 T ^l^- + 1 7 . Define the 
space as the completion of S(K x T) with respect to the norm 

\\u\\ xf<bp = \\(T+e) b (o s Fu\\ er , LP , (5) 



■^We refer to 1221 . Theorem 2, part V, for the corresponding notion, if data in the H" -scale 
are considered. In the i? s -case this property usually is a simple consequence of the convolution 
constraint - see again 22 , Remark 2 below Theorem 3. We cannot see that a similar argument 
should work in our setting. 
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In the case where r = p = 2 we write Xp^ = X s ' b as usual. 

Lemma 2.2. Let s, 61,62 € R, 1 < r < 00 and b\ > 62 + 5- rfte following 
embeddings are continuous: 

c .v; V (6) 

^cC(I,ff r s (T)) (7) 

Proof. The first embedding is proved by the Cauchy-Schwarz inequality with re- 
spect to the L\ norm. The second embedding follows from L°° (R) C T^ x L l (R) . □ 

Definition 2.3. Let s € R and 1 < r < 00. We define 

ys Y s '2 p Y" s -0 

and for < T < 1 the restriction space Z*(T) of all w = w \[-t,t] for some iu € -Z, s 
with norm 

1 

llull 1 := inf{||iu|| 1 |w G 2 r 2 : w |r_TTi= w i 
11 "z?{T) z,? J 



A main ingredient for the proof of Theorem 11.21 is an estimate on the trilinear 
operator (suppressing the t dependence) 



e=ei+52+«3 



(8) 



+ (27r)- 1 Si(OS 2 (0<^3(-0 
Theorem 2.4. Let ± < q<r <2 and < 5 < i. T/ien, 

||T(«i,«2,U3)|| 1,-1 <T 4 ||ui|| i,i||w 2 || i,il|u 3 || J,i (9) 

«/supp(iti) c {{t,x) I I*] < T} ; < T < 1. 

Additionally, we will need the following estimate on T(u±, U2, U3). 
Theorem 2.5. Let | < < r < 2 and < (5 < ^. TTien, 

||T( Ul ,U2,U3)|L < T^||«x|| i.illualL i,ill«3|| I,* (10) 

^r,oo A g 2 X q 2 JC r 2 

tfsuppfo) C {(*,*) I 1*1 <T}, < T< 1. 

The above estimates are sharp with respect to the lower threshold on r within 

1 1 

the full scale of spaces Xr,p 2 . Note that in particular the estimates fail to hold in 
the endpoint case r = | . 

Remark 3. For all b < 0, 1 < r < | and 1 < p,q < 00 the estimate 

3 

||T( Ul ,u 2 ,tt3)|| i, t <niKILi.* ( n ) 

x r , p , =i x r ,„ 

is false. 

We also consider the quintilinear expression defined as 

QKT^sXO = (2n)- 2 J2^i)M&)^(&)MU)M& (12) 
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where we suppressed the t dependence and ** is shorthand for summation over the 
subset of Z 5 given by the restrictions 

£ = Ci + • • • + & ; 6 + • • • + & * ; & + 6 + ; £3 + €4 + 
Theorem 2.6. Let \<q<r < 2 and 6 > ± + i. T/ien, 

5 

||uiu 2 U3U4W5|L < J! ll Ufc H v h~" JI IK'Li." ( 13 ) 

'. 2 fc = l r . 2 l<i<5 9< 2 

Additionally assume that for < T < 1 we have supp(uj) C {(t, x) \ \t\ < T} and 

< 5 < 4- 77ien. 
— 13' > 

5 



||«1U2«3«4«b|| l.-i<T J 2||Ufc|| iti J] IMI^i-i ( 14 ) 

r,2 r ' cc /. = 1 >-. 2 l<i<5 «' 2 

and 



||Q(wi,-a2,U3,U4,n 5 )|l 1,-1 1,-1 < ^ IKILi-4 IT ll^ll ^i-i ( 15 ) 

3. Number of divisor estimates and consequences 

The next lemma contains estimates on the number of divisors of a given natural 
number r. Part (i) is well-known (see Hardy- Wright [12], Theorem 315). The 
approach used to prove Part (ii) of Lemma l3~T1 is motivated by [8], Lemma 4.4. 

Lemma 3.1. (i) Let e > 0. There exists c e > 0, such that for all r € N 

#{{ni,n 2 ) E N 2 I mn 2 = r) < c e r e (16) 

(ii) For all r E N 

#{(m,n 2 ) e N 2 I nm 2 = r, 3|m - n 2 | < r«} < 2 (17) 



Proof of Part (ii) Let r G N. Assume that there are three lattice points contained 
in the above set. Then, these points form a triangle of area n > |. This triangle is 
located 

(i) in the strip 

S = {(x u x 2 ) E K 2 I y/r-& < x 1 < V?+S} 

where 8 = |rs, because |m — y/f \ < \n\ — n 2 | < 5. 

(ii) below the line L = P\P 2 which connects the points 

* = jri) - P2 = (^+^ 

(iii) above the hyperbola 

H = {(xi,x 2 ) E (0, oo) 2 I xix 2 = r) 
because the function x 1— > - is convex for x > 0. 
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%/r — 5 y/r + 8 ni 

Figure 1 . The notional triangle from the proof of Lemma 13.11 



Now, the area \i of the triangle is bounded from above by the area of the region in 
the strip S below L and above H, hence 

/ J 1 1 \ f^ +S r , 
H <rd —= H F I - / -ax 

\V r - d y/r + 6) Jyft-5 x 



\r — S 2 \ y/r — 5 / 
( 2y/¥5 26 26 2 \ 4rS 3 



\r-S 2 y/r - S (y/r - S) 2 J (y/r - 5) 2 {yf? + 5) 



Ay/rd 3 4 r 1 
-(y/T-6) 2 ~ TI{y/¥-5) 2 ~ 3 

which contradicts n > ^. □ 
Now, we use Lemma |3. II to prove 

Corollary 3.2. Fix e > 0. 

(i) There exists C e > such that for all £ G Z and ael 

£ (e-eir^-^^+z^-eixe-^r^a (is) 

5i,5 2 ^5 

(ii) There exists C e > smc/j £/ia£ /or aZZ £Z awe? a £ R 

£ ^)" £ (^ - ^>- £ (a + 2(€ - - fc))- 1 ^ < C e (19) 
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(iii) There exists C £ > such that for all £ € Z and a S K 

E (ei)- £ (6>- £ (a + 2(e-ei)(C-6)>" 1 - e <^ (20) 



Si,S 2 ez 



(iv) There exists C £ > suc/i f/iai /or £i € Z awe? s£l 

(Ziy e E (6>- £ (a + 2(e-ei)«-e 2 ))^ £ <C £ (21) 



Proof. The first and second part follow from the standard number of divisors esti- 
mate (fT6|) as follows: By the change of variables ri\ — £ — £i, «2 = £ — £2 the sums 
in (fT8|) and (fl9|) are equal to 



E ( Tl1 ) £ ( n2 ) e (a + 2nin 2 

n\ ,ri 2 eZ* 

This can be written as 

-l-e 



l-e 



E E ^ e ( n ^ ~( a + 2n i n 2y 

reZ* ni,n 2 €Z* 
ni?i 2 =r 

< E (a + 2r)- 1 - £ (r)- 2£ # {(m, n 2 ) e (Z*) 2 | mm = r) 

rGZ* 

<c £ E(a + 2r)- 1 - £ 

for some c e > 1. We write a = 2b + 5, b e Z, 6 € [0, 2) and 

E (a + 2r)- x - £ < E<r + <T ^ < 3 + 2^^)"^ == *e 

Now, the estimates (fl8| and (fT9|) hold with C £ :— s £ c £ . In order to show formula 
(I2H1) of the third part we use the same change of variables as above and obtain 

E<a + 2r)- 1 - £ E <£-™ir £ <£-™ 2 )- £ 

rSZ* rn.njgZ* 
ti 1T i 2 =7- 

Let M(r) = {(nx,n 2 ) £ (Z*) 2 | nin 2 = r}. Now, we split the inner sum into two 
parts. Let 



Mi(r) = {(ni,n 2 ) e M(r) | 6|f-m| > |r|* or 6|£-n 2 | > |r|H 



and 



.1/ 



2 (r) = |(ni,n 2 ) G M(r) | 6|£-ru| < |r|* and6|£-n 2 | < |r|H 



Obviously we have M(r) = Mi(r) U M 2 (r). By Part (i) of Lemma \3 . 1 1 there exists 
c e > 1 such that 

#M x (r) < 2#{(m,n 2 ) G N 2 | n x n 2 = r} < c e |r|* 

and it follows 

E - "i)" 6 ^ - ^ < 6 £ |r|-f #M x (r) < 6 e c £ 

(«i,n 2 )EAfi(r) 
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For (m, ?i2 ) € M2(r) it holds that 3|ni — tt-2 | < |r| « . An application of Part (ii) of 
Lemma 13.11 shows 

E (e-«i)- £ (e-n 2 )- £ <#il/ 2 (r) <4 

(ni,n 2 )£M 2 (r) 

Therefore, we see that 

E <£ir e fe)- E <a + 2(£ - - < (6 £ c £ + 4) ^ (a + 2r>- 1 - £ 

Si,S 2 ez rSZ* 
5i,S 2 ^£ 

and the third part is proved with constant C £ = s e (6 e c e + 4). Concerning the fourth 
part we proceed similarly. After changing variables 

£ (6>- £ (a + 2(e-$i)(C-6)>- 1 - £ 



£,£ 2 ez 



we consider two subregions of summation. In the case where |r|s < 6|£i| or |r|s < 
6|£i + m — rig] we apply estimate (|16l) from the first part of Lemma 13. 11 while in 
the remaining case it holds 3|ni — n 2 | < \r\ s and we utilize estimate (|17|) from the 
second part of Lemma 13.11 □ 



4. The proof of the trilinear estimates 



In this section we prove Theorem [23] and Theorem 12.51 We will frequently use the 
following well-known (see e.g. [9], Lemma 4.2) tool: 

Lemma 4.1. Let < a < (3 such that a + (3 > 1 and e > 0. Then, 

(a + /3-l ,[3<1 

(s-a)- a (s-b)- f:i ds< (0-6)- 7 , 7= < a-e ,0=1 

[a ,/?>l 

We write T = T* +T**, where 

T*(C^,t t3 )(0 = (27r)- 1 E ^1(6)^2(6)^3^3(6) 

« = «l+«2+53 
Sl^£,£ 2 #{ 

r«(i^,« 3 )(0 = (27r)- 1 «i(0fi 2 (0i^(-0 



Proof of Theorem \2.4\ To fix notation, let cr = r + £ , Oj = Tj + ^ , j = 1,2 and 
C3 = T3— £3. Throughout the proof the quantities 6: r 3 are defined as 6 = £— £i — £2 
and T3 = t — Ti — t 2 , respectively. Let us denote /i = (r, £), /j^ = (ri, £j), i = 1,2,3 
for brevity. By the definition of the norms we may assume that Uj > 0. Then, 

||T(ui,u 2 ,U3)ll 1 ,_i < \\T*(u 1 ,u 2 ,u 3 )\\ +\\T**(u 1 ,u 2 ,u 3 )\\ 
and we consider the contribution from T* first: Let m be given by 

m(/x,Mi,M 2 ) = 3 13 , vi 
lLj=i(0) 2 IL,=oW> 2 
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Estimate (j9]) for the T* contribution is equivalent to 

E / m (^ 1 ^l^'2)fl(fJ'l)f2(P-2)f3(P3)dT 1 dT2 



Ci,S 2 e z 



(22) 



<^||/i||^ i2 ||/ 2 ||,,< L2 ||/ 3 |U' i2 

where we may assume fs(rs, 0) = 0. The resonance relation 

<j - ai - <72 - ct 3 = 2($ - - 6) = 2(66 + 66) 



(23) 



holds true, cp. [531 [TTJ [TB] . Let us first consider the subregion where (6) (6) "C 
(6(6)- Then, 

3 

(0 ( 24 ) 



and in this subregion we control \m\ by the sum of all 

Wfc,l(M)Ml:M2) 



(6)^(6)^ nu,w°-*>* 

for fe = 0, . . . , 3. Secondly, in the subregion where (6(6) iS (6) (6) (note that 
£i 7^ £, £2 7^ £ within the domain of summation) it holds 



(£-6)^-6)5 <£>*>* 



(25) 



and in this subregion we control \m\ by the sum of all 

1 



Wfc,2(M>Mi>M2) = 



for fe = 0, . . . , 3. According to these multipliers we subdivide the proof into the 
following cases (with a preview of the lower bound on q for each subcase obtained 
by our arguments below): 





(To = max 


(7i = max 


a 2 = max 


(73 = max 


(6)(6)«(0(6) 


Case 0.1: 
q> 1 


Case 1.1: 
<Z>4/3 


Case 2.1: 
«7>4/3 


Case 3.1: 
q>4/3 


(0(6) < (6) (6) 


Case 0.2: 
q> 1 


Case 1.2: 
g>4/3 


Case 2.2: 
g>4/3 


Case 3.2: 
9>4/3 



For technical reasons, we will prove the slightly stronger estimates 

<\\hh«> L Af2h«' L Ah\\rjL* 



E 

£1,1:2 ez 



(26) 



LOW REGULARITY LWP OF THE DNLS WITH PERIODIC INITIAL DATA 



13 



for any < ^ < 3^7, fc = 0, . . . , 3 and j = 1, 2, where 



1 

I tt3 



for k = 0, . . . , 3. Clearly, (|26| implies ([22]) with <5 = 3z^ because 
llW/ilU'^ ^ll/ill^ ,l<P<oo 



(27) 



Case 0.1: We consider the contribution 

E 



A(mi) fM f^ dTldT2 



< 



E (^rH^n^^^n /iVf/f^n^ 



«1,«2^« 



where 



I(M,MiiM2) 



rv-i \ w res/ 



with (Tres = t + £ 2 — 2(£ — £i)(£ — £2) by two applications of Lemma |4~T1 Holder's 
inequality in £1 , £2 leads to 



to, 



< 



V«i,f2(i2 



where 



s ,i(m):= e ^r^r^sr 1 - 



fi,52e z 

for q = -^r+2+ and p' = ^35— ■ The sum Eq.iIm) is uniformly bounded due to 
Corollary 13. 21 estimate (|20|) . Hence, 



to,i < 



E 



Il/l(-,6)llj2 ||/2(-,6)ll£ 3 „ f , e , ||e 



(a)- 



(6)' 



■||/3(-,6)ll 



L 2 



by Minkowski's inequality because g < 2. Now, we apply Holder's inequality to 
obtain 



to,i < 



L 2 II j- / e Mir 

— — 1 ~ ~ — II /a b&J Hi 



vSi,«2ez (Si) 7+ (£2) 9 ' + 



L 2 



(28) 
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Holder's inequality shows 

£ll/i(-,fc)ll&&>* -1 " 



<\\M\^' L 2 ,*=1,2 



Hence, Fubini's theorem provides 

*o,i ^ ll/ill^'ijll/all^i'^ll/all^r'^ 

for any 1 < g < r < 2, as desired. 
Case f.^: We consider the contribution 



£ 

£i,« 2 ez 



/l(Ml 



/2O2) /3(^3) , , 



(e - 6) * (*i>*-" « - 6> * fa> fo> 



By replacing the weight 2 (£2) 2 by (£ — £1) 2 (£ — £2) 2 in the expression 

io,i, the same arguments as in the previous case lead to 



*0,2 < 



E I/i(-:6)IIl 2 II/2(-,6)IIl 2 11// t mi 
v«i,«2gz (^-6) 9 ' (£-6) ql 



instead of (|2"8)) where we used Corollary 13. 21 estimate (fT5|) to bound the sum 

S 0>2 (/i):= £ ^-ei) "^-^) -^)- 1 " 



£i,£ 2 ez 



By the change of variables £, ^ £, — £1 — (2 we obtain 



+ < 1 ll/i(-,fr)llk ll/2(-,6)ll i 2 II / / CM 
*o,2 ^ 2^ " ~ ~ ~ ~ ~ WjzviSjWw 



a— 



Now, we sum first in £1 , £2 and use 



Li 



,4 = 1,2 (29) 



to obtain 

*0,2 ^ 11/llL?' ,2 ll/ 2 |L<r'r 2 ll/all^r'^a 

similarly as above. 

Case 1.1: From now on we have to restrict ourselves to 2 < q' < 4. We use duality 
and consider for ip 6 l^L^ the quantity defined by 



£l,£ 2 EZ 
£l,£ 2 #£ 



=£ /am £ / 

fieZ 17 £,£ 2 ez J 



/l(Ml) /2M /sM rf ^ ^ 
(6) *<* 2 ) i-"^3>*-" 

<gQf) / 2 (/X 2 ) /3(M3) 

(6)5(^2)^^ (€i>*<^>*- tf 



1 — drdridTx 
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Cauchy-Schwarz in r, r 2 and two applications of Lemma 14. II show 

^(M)/I(M2)/!(M3) 



*u < E / /i(a*o E (*&> 7 



<£i><6> 



drdT2 ) cZti 



where with o^el = t"i + Ci + 2(£ — — £2)- Holder's inequality in £, £ 2 leads to 



< E / /iO*i)S m (mi) E 



for g = ;jrpj + and = ^35 — , where 



(6> 1 -(6) 1 - 



drdn 



si,i(mi):= E (&)°-<4S)- 1 " 



S,S 2 ez 

«1,«2#« 



This is bounded by Corollarv l3.21 estimate ([2T|) . Cauchy-Schwarz in ti and Minkowski's 
inequality provide 



< E n/i(-.ei)iu? E 



llv(-,0ll£ a |l/2(-,6)lli a ||/3(-,6)||£ a 



fie2 



Now, we use Holder in £1 to obtain 

'm - ilmlv IE 



ll/2(-,6)ll| a ||/3(-,6)lli 2 ||y(-,0ll£ a 
^ (6)*- 



By the change of variables £2 l_ * — ^2 , C l— * £ the second factor equals 



E 

€,«2 



ll/2(-,6)l |e 



(6 



^II^OIIMI/sC-^i-^-OII 



where fj = fj(—, —■), j = 2, 3. This convolution is bounded by 

h 

\\^^\\q 2 LiMWiLi\\h\\^ Ll 
due to Young's inequality because 

Q Q Q 

2 + 4 = 1 + - + ^ 

g r r 

Another application of Holder's inequality with respect to / 2 yields 
h,i 1z Mr.Li^h]]^ L2 \\h\\ e ' L Ah\\ei' 

for 4/3 < q < r < 2. 

Case 1.2: For the contribution £1,2 the same approach as above leads to 



h.2 < E IIA(-.6)IU? E 

€i6Z \c,?2 



^(■,0lli2|l/2(-,6)lli ? ll/3(-,6)lli2 



(30) 



(31) 
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instead of (l30|) by replacing (£1), (£2) in by (£ — £1), (£ — £2), respectively. The 
only difference is the use of Corollary 13. 2\ estimate (fP8|) to bound the sum 



Si,2(mi) 



E (c-a) -^-^) -^)- 1 - 



£,£ 2 ez 



Holder's inequality in £1 and then in £,£2 provides 



h,2 <||/i|| 



E 



|/ 2 0,6)ll£ 2 ||/3(^3)|li 2 |k(-,OII 



<ll/i| 



(£-£i>«-<£-£ 2 >« 

IW.OIIk ll/2(-,6)IH 



vcefez <£-£i> 1_ ^ + <£-£ 2 r* 



1-JL + II/30? ^3)111 



L 2 



Now, Holder in £ and the change of variables £1 1— > £ — £1 gives 

M-,£)II 9 L2 ll/2(-,£ 2 )||l : 



E 



<£-£i) 1_ ^ + <£-£ 2 ) 



^trll/ah £ 3 )lll, 



\\M;b)\\h \- WhUi-b)\\b 



6eZ (£ - £2) » 6eZ (£1) 9 



Let us define 



Young's inequality shows 



and therefore 



i/m ll/3( - )£i _ £2)11^2 

= E 7Z .1-4+ 

5 lS z (£1) « 

Ml,- < ll/ 3 ||L, 3 



Ell/aO, £2)11^2 



&6Z 



(£-£2 



< 



ll/3|lc'L2 



ll/2(-,£ 2 )ll 



E , 

£ 2 gZ (£ £2 



L 2 



by Holder's inequality in £ 2 . Due to the fact that 

r — q r r r 

1 + - = - + J 

q q' q q> 

Young's inequality shows that 



tl,2<|^|k i? ||/l||v i2 ||/2|L 9 ' i2 ||/3||, 



for all 4/3 < q < r < 2. 

Case 2.1: To control the contribution from m%^ v we exchange the roles of f\ and 
ji and the arguments from Case 1.1 apply. 

Case 2.2: To control the contribution from m,2,2,v we exchange the roles of fx and 
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ji and the arguments from Case 1.2 apply. 

Case 3.1: Fix 2 < q' < 4 and < v < 3^7. By the change of variables 



Mi ^ ~Ml> M2 | -> -M2, M ^ A* - Mi - M2 
we obtain for the contribution £3^ the identity 



(32) 



E 



i(m) 



E 

«1,«2#£ 



T— h{V3)dT\dT 2 dT 



e / / 3 (m) e / / „ ;L 

few • •> •/ 6 2 o-i 2 



/i(Mi) M/fg) 

(a>^i>*-* (&>*w*-" 

A(Mt) /2(M2) ^(M3)_ dTidr2dr 



£i,C2ez 



where cti = n-£?, ct 2 = t 2 -&, a 3 = t-ti -t 2 + (£-£i -£ 2 ) 2 and /j- = fj(—,—), 
j = 1,2. Using Cauchy-Schwarz in 7-1,75 and Lemma |4~T1 the quantity £3,1 is 
bounded by 



E / m E <« 



(3)\ 
res/ 



5l,52^£ 



(d)(6) 



dT\dr 2 dr 



where oVel = t — £ 2 + 2(£ — £i)(£ — 6)- Holder's inequality leads to 



J2 f / 3 (m)S 3 ,i(m) E 



ei,«2e z 



as an upper bound for £3,1 with 

/ 

S 34(M) = 

V 



/i 2 (Mi)/l(M2)y 2 (M3; 
(ei) 1 -^) 1 - 



dri dr 2 



dr 



E (ei) -^) -^)- 1 - 



which is uniformly bounded by Corollary 13.21 estimate (|2H)) . By Cauchy-Schwarz 
in t and Minkowski's inequality £3,1 is dominated by 



E11/3O.01U? E 



llA(^)0; 2 (-,6)ll?2M-,6)l 



Now, we recall that r > p for all 4/3 < (7 < r < 2 and apply Holder's inequality 
and Fubini to obtain 



*3,1 <ll/ 3 ||, ri 2 



/ 



E 

.£i,52^e 



<ii/ 3 % L? E 



ll/l(-^l)ll£ ; ll/2(-,6)lli;l|y(-,g3)lll ar 

(a)«-(6)« : 
n/i(-,ei)ir £ 2ii/ 2 (-,6)ir £ 2iiy(-,6)ir £ 2 



S,Si,£2e z 



(33) 
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Again, Holder's inequality shows 



< 



\\M 



Li 



1,2 



Hence, 

^i^ll/ill^^llMI^^IIMI^^I^II^ 

for 4/3 < q < r < 2, as desired. 

Case 5.^: To obtain the contribution t 3:2 we replace and (£2) in £3,1 by (£ — £1) 
and (£—£2)1 respectively. The change of variables (|32|) transforms (£— £1) to (£— £2) 
and vice versa and we follow the arguments above to obtain 



*3,2 < ||/3||^r' L 2 



E 



ii/i(-,6)ii£ 2 |i/ 2 (-,6)iiL 2 |i^(-,e 



instead of 



with the only exception that 



£3,2 (/*) : = 



(3)\-l- 
res I 



is controlled by Corollary 13. 21 estimate (fT5|) . Similar to the Case 0.2, the change of 
variables ^ 1 — ^ ^ — ^1 — ^2 and Holder's inequality 



sup[ Ell/*(->&)ll^ + ^~ 1 ~] SUM 



,i= 1,2 



yield 

*3,2 < ll/lll £ |' L 2 H/alL'ij ll/3||^' L 2 IMUj£? 

and the estimate for T* is done. Finally, we consider the harmless contribution 
from T** and show the much stronger estimate 



\T**(ui,u 2 ,u 3 )\\ 1 o 

-"V,. o 



' ll«lLi.i+ll«2|l x i.i+ll«3|| Js .i,i + 



(34) 



which immediately yields the desired estimate by trivial embeddings and (|27|) . In- 
deed, Young's and Holder's inequality provide 



{OH 



/i(n,0 



/ 2 (T2,0 



/a (73,-0 



(0*<n + (0'(7"2 - 0* + 



5— dTidr 2 



/l (71,0 




/ 2 (T2,0 




/ 3 (r 3 ,-0 




<Tl+e 2 )* + 


6 




6 
f 5 

Jj T 2 


(73-e 2 )* + 


6 
T 5 



< 

£ll/l|U|°L?||/2||^|=i?||/3||^r' L? 

This concludes the proof of Theorem 



□ 
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Proof of Theorem \2.5[ Due to the emdedding (J6J) the estimate for T** is already 
covered by (|34|) . With the same notation as above the estimate (|10|1 for the contri- 
bution T* is equivalent to 



E / n (P^l^'2)fl(fJ-l)f2(tJ-2)f3(P3)dT 1 dT2 



£i,£ 2 ez 
£i^£,£ 2 ^£ 



(35) 



~ T Wflhl' T2 Il/2||«'r2 ll/3||^' 1,2 



where n = (co) — 'to. We decompose j = (<ro) — 'mfcj as above. Again, due 
to the embedding ([6]) the stronger estimate ((26)) already proves estimate (|35|) for 
ro replaced by nkj, v with fc = 1,2,3, j — 1,2, corresponding to the Cases 1-3 
above. Hence, it is enough to consider the case k = where (tro) is the maximal 
modulation. 

Case 0.1: Let usfixl<g<r<2 and < 6 < ^7. We proceed similarly to the 
Case 0.1 in the proof of Theorem 



£0,1 



< 



0"o 2 



E 



» E 



£i,£ 2 ez 
£i,£ 2 ?*£ 



i i i i i a,T\aT2 

5i(^i) .92(^2) ^3(^3) 



C?Tl C?T2 



for any p = 2—, where we define gj = (o~j)° fj such that 



(36) 



Now, by Holder's inequality and two applications of Lemma l4.ll we get 



*o,i < 



E (£i>~*<&>~*<* 



(0)\ 
res / 



£i,£ 2 ez 
£i,£ 2 ^£ 



5l32 53 dr ld"T 2 



with crfes = t + £ 2 — 2(£ — £i)(£ — $2)- Holder's inequality in £1, £2 leads to 



£0,1 



< 



where 



So,i(M):= E (a) -^) -^)- 1 - 



£i,£ 2 ez 
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for g = -^r+2+ and g' = -^rh^ — - The sum £0,1 0-0 is uniformly bounded due to 
Corollary 13. 21 estimate ([20]) . Hence, 



E 



ll<?i(-,£i)lli» I|0>O,6)II£, 



(6 



Ilff3(-,6)ll£ 



LP 



by Minkowski's inequality because g < p. Now, we apply Holder's inequality and 
Fubini as in Case 0.1 of the proof of Theorem 12.41 and obtain 



*o,i < ll5i||^' L? ll.92|| £ |' L? ||53||^' L? 

for any 1 < q < r < 2. Finally, |36|) proves the desired estimate. 
Case 0.2: We consider to 2 defined as 



(-0)- E / 



/i(Mi) 



/2(M2) /3(At3) , , 

X dTldT2 



Ci,€ 2 ez 



The same arguments as in the previous case lead to 



to, 2 



< 



E 



l|gi(-,fr)ll£, llg2(-,6)llj P 
(€-fi>*- (£-6>*- 



llff 3 (-,6)IIL 



where we used Corollary 13.21 estimate (fT5)) to bound the sum 



S 0,2(/i) 



E (e-ci) -^-^) -^)- 1 - 



By the change of variables £ 1— > £ — £1 — £2 we obtain 



^ E 



Now, we sum first in £1,^2 and use the analogue of (|29|) for H^Hl? (i = 1,2) to 
obtain 

*o,a ^ ll5i|l^' i? ll.92||^' i? ||53||^ L? 
and recall the property of gj . □ 

Proof of Remark^ Assume that the estimate (fTTj) is valid for some b < 0, 1 < r < 
I and 1 < p, q < 00. Then for all f t G (1 < i < 3) and / G ^L? we have 

(O'/o(M)/i0*i)^0*»)ie3|/3(A*a) 



E 



(ao)- 6 (ei)*^i)^6)*<^)i(e3)*^ 3 ) 



—drdTidT2 < 00 (37) 
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We choose 

/o(0, r) = X (r) and /„(£, r) = for £ ? 0, 
/2(l,r 2 ) = x(t 2 ) and / 2 (£ 2 ,T 2 ) = for £ 2 ^ 1, 

/i(0,n) - and AKi.n) = ^ T i + ^ + 1 ) 2 ) for ^ ^ , 

(^i) 3 In 3 «&» 

/ 3 (0, r a ) = and / 3 (&, r 3 ) = ^ = ^ for 6 ^ 0, 

where x denotes the characteristic function of [—1,1]. Then /o € and / 2 6 

for all 1 < r,p,q < oo and /i,/ 3 € ^'L?' for all r' > 4 and 1 < p, q < oo. 
Let /(a) be defined as 



> 



X(r)x(ri + (a + lrk(T 2 )x(r - n - r 2 - (a + mdrd^d^ 
'■ 1 X(r)x(ri + (a + 1) 2 )x(t - n - (a + lf)dr x dT 
xin + (a + l) 2 )dT! = 2 
Due to (<ji)^ < (a)^ the left hand side of (|37|) becomes 

<a)in i «a)) ~ (a)in | «a)) 

which contradicts (|57|) . □ 



5. The proof of the quintilinear estimate 

Before we start with the proof of Theorem 12.61 we show the following trilinear 
refinement of the L 6 Strichartz type estimate, see [3J, Proposition 2.36. The major 
point is, that for one of the factors the loss of e derivatives can be avoided. In 
fact, this refinement also follows by carefully using the decomposition arguments 
and the Galilean transformation in [3], Section 5. However, we decided to present 
a proof based on the representation ||w||^6 = l! u2 u||L 2 t which we learned from [21] . 
in combination with the estimates from Section [3] Similar arguments were already 
used in [8], cf. Proposition 4.6 and its proof. 

Lemma 5.1. For | < b < | and s > 3(i — b) the estimate 

\\uxU2U3\\ L l t < \\ui\\ X s,b\\ u 2\\xs->>\\ u 3\\x«.>> (38) 

holds true. 

Proof. We rewrite U1U2U3 = C\(u\, w 2 , U3) + C 2 (ui, u 2 , U3) for 

£=£l+£ 2 +5 3 
£l^5,£2^£ 

(27T)- 1 Yl «i(a)e 2 (6)%(6) 

e=ei+«2+«3 

5l = 5 or £ 2 = £ 



C 2 (ui,u 2 ,u 3 )(£) = 
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where we suppressed the t dependence. By Plancherel's identity we observe that 

C 2 (wi, u 2 , u s ) = uif u 2 u 3 dy + u 2 f uiu^dy - u\ * u 2 * U3 
Jo Jo 

where * denotes convolution with respect to normalized Lebesgue measure on 
[0,2ti-]. Clearly, 

\\C 2 (ui,u 2 ,U3)\\ L 2 L 2< \\uk\\ L e t Ll ^ II H^lljfO.I 

l<fc<3 l<fc<3 

by Sobolev estimates in the time variable. For the convolution term we also used 
Young's inequality. So it remains to prove (|38[) with ||miM2U3|| £ 2 on the left hand 
side replaced by ||Ci(«i, u 2 , W3)||lV Now by Cauchy-Schwarz' inequality and Fu- 
bini's theorem (cp. the arguments in the previous section) matters reduce to show 
that 

sup £(£, t) < 00 

where £(£, r) is defined as 

E (^r 2S &r 2S I (T X +%)-™{ n +&)-™{T*-$)-*dTldn. 

5=5i+5 2 +«3 



Using Lemma |4~T1 twice, we see that 
m,r)< E (a)- 2s (6)- 2s (r + e 2 -2(e-6)(C-6)) 2 - 66 



£ = £l+«2 + «3 




by Holder's inequality. Since by assumption ?_9 < —1, a final application of 
Corollary 13. 21 Part 3, completes the proof. □ 

In the L^ t -norm on the left hand side of (|38p we may, of course, replace any 
single factor by its complex conjugate. Especially we have 

||uiU2tt3||iJ t < Wu^lxa.bW^WxsAl^Wxs.o (39) 

Fixing u 2 and u 3 and considering the linear operator 

X°' b — > L 2 xt : ui h-* u\u 2 uz 

we obtain by duality the estimate 

\\vu 2 u?,\\ x o,-t, < \\v\\ L 2 t \\u 2 \\ X s, b \\u 3 \\x^" (40) 

Choosing v = U1H4U5 and applying (|39[) (and (f3"5|) . respectively) again, we have 
shown the following quintilinear estimate: 

Corollary 5.2. 5et i = 1 or i = 4. For i < 00 < 5 and sq > 3(^ — bo) the estimate 

5 

||uiU2U3U4U5||x°--''o < IKIIxo.'-o ||«fc|| x s o.'o (41) 

fc=i 

is valid. 
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In order to prove Theorem 12.61 we shall rely on the interpolation properties of 
our scale of spaces obtained by the complex method. 



Lemma 5.3. Let Si,bi £ K, 1 < 




< oo for i = 1,2. 


Then, 




= X s r > b p (0 < 9 


<1) 


where 








s={l-9)s 


+ 6>si 


, b = {i-e)b 


+ 9b 1 


1 l-6» 


9 


1 1-6 


9 


r r 


H 

ri 


, - = — + 

P Po 


Pi ' 


Proof. The map 








T o e~ itd * : 


vs,b 
r,p 


-<«O s ;i?((r) h )) 



is an isometric isomorphism. Here, the image space is the space of sequences in it 

with weight (£) s , taking values in L V T with weight (r) b (with the natural norm). 
Now, arguing as in pQ Theorem 5.6.3 (replacing 2 k by k) and using [T] Theorem 
5.5.3 the claim follows. □ 



Proof of Theorem \2.b\ By Sobolev-type embeddings and Young's inequality, we see 
that for r 

5(1 - h) 



that for n, qi > 1, si > ~, b\ > | and an auxiliary exponent p with b\ + | > | > 



5 



ri .5p A A 00, 5p 



^1 J>P 00, 5p 

i=2 
5 

< llUlH^O.b! TT |H| S1 , bl 

Now fix|<g<r<2 and 6 > ^ + ^- We will use complex multilinear interpolation 
( lj, Theorem 4.4.1) between (|4"Tj) and (j4"2"|) with interpolation parameter 9 — i. To 
do so, we choose 

3 2 2 

so = x £,&o = ^-+e 

2 q 6q 

in the endpoint (|41[) and 

121121 21 ,1 

rirzgigz 1 2 3 

in the endpoint (I42p . where e := b — | — j- >0 and use Lemma T5 .31 As a result, 

5 

||UiU 2 M3U4M5|lx --' J ^ ll u l|lA- ' b TT IMI h- b 

i=2 5 ' 2 

where in the last line of (jl2"|) as well as in the last expression we may exchange u% 
and u 4 . Now our first claim (fT3| follows from (£) < ^ 1<i<5 (£i)- We use ([6]) of 

Lemma [2~2l that is X r 2 2 2 C Xrjoo , and apply (|27[) with = 3^7— to all the six 

_2 

norms appearing, which gives a factor TV . Finally, (fT5"f follows from (fl4| and 
the proof of Theorem 12.61 is complete. □ 
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6. The gauge transform 

In this subsection we study a nonlinear transformation which turned out to be a key 
ingredient to the well-posedness theory of the DNLS. This type of transformation 
for the DNLS was already used by Hayashi-Ozawa [TH [13l [15], later by Takaoka 
[23] , in the nonperiodic case and then adapted to the periodic setting by the second 
author in PHIH]. Let us define for u € C([—T, T],L 2 (T)) 

Qqu :— exp (— Hu) u (43) 

where 

2 / „\|2, 



lu(t,x) := f / \u(t,y)\ 2 -f \u{t,z)\ 2 dzdyd9 (44) 
Jo Je Jo 

is the unique primitive of 

x t— > \u(t, x)\ 2 — + \u(t 1 z)\ 2 dz 
Jo 

with vanishing mean value. Before we study the mapping properties of this trans- 
formation let us recall the Sobolev multiplication law in our setting. 

Lemma 6.1. Let 1 < r < oo, < s < si and s± > ~. Then, 

\\uiU2\\ S s < ||wi||^i||u 2 ||^ (45) 
In particular, for \ < r < oo, s > ^ we have 

\\uiu 2 \\ R s < \\ui\\fi,\\u 2 \\jjs (46) 

Proof. We have (0 s < (f - £i) s + (£ - £,i) s ~ Sl and by Young's inequality 

ll«i«2lls ; <II«iIIpII(0 s «2|| £ ,' + IKO'^ill^lKO— 1 ^!!^ 
iSIMIj^ilKlljj. 

because ^ ll^illf', £ = 1,2. □ 

Lemma 6.2. Let 1 < r < 2 and s > i — i or r = 2 and s > 0. Then, 

Go : C({-T,T],H°(T)) ^ C({-T,T],H°(T)) 

is a locally bi-lipschitz homeomorphism with inverse Qq u = exp(iTu)u. 

Proof. We will transfer the ideas from the proof of [16] . Lemma 2.3 (where the 
claim is shown in the L 2 setting) to the case 1 < r < 2 and s > - — |. Obviously, 
it suffices to prove 

||(exp(±£T/) - exp(±iXg)) h\\g, 
<exp(c||/|||.+ C || 5 |||j||/- 9 ||^||/ l || 5; 

for smooth f,g,h S H*. By the series expansion of the exponential and (I45|) we 
infer that the left hand side of (|47|) is bounded by 

OO n 71—1 

\\h\\ Sf \\lf - lg\\ mi J2 C ~ x E l^/llfci MS? - * 
«=i ' fc=0 

for si = max{i + , s}. By the definition of T it follows 

\\lf-lg\\ mi <\\\f\ 2 -\g\ 2 \\ m r-i 
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In the case s < £ we have 

\\\f\ 2 -\9n m ^<(\\fy-+\\Me-)\\T-gy- 

Because s > £ — | we find 

ll^/-%;i^(ll/b. + Nlg.)ll/-sb. 

In the case s > i we use (14TH) to deduce 

lll/| 2 -|5| 2 ||^ 1 - 1 <ll/-3lls,(ll/lls, + llffllsJ 
and the estimate (l47l) follows. □ 



The following lemma is contained in [17] in the r = 2 case. 

:;mma ( 

operators 



Lemma 6.3. Let 1 < r < 2 and s > i — i or r = 2 and s > 0. TTie translation 



r=F : C([-T,T],i?, s (T)) -» C([-T, T], H*(T)) 

T T u(t, x) := u(t, x =F 2t4 y)\ 2 dy) 
Jo 

are continuous. However, their restrictions to arbitrarily small balls are not uni- 
formly continuous. 

Proof. We only sketch the main ideas and refer to [T7], Propositions 3.2.1 and 
3.2.2 for details in the H s case which easily carry over to the setting: Because 
the embedding C L 2 is continuous, the continuity statement follows from the 
continuity of the map 

r : R x C([-T,T],H?(T)) -» C([—T,T\,H*(T)) 
r(h, u)(t, x) :— u(t, x + ht) 
If we fix the time variable, the map 

RxiT*(T)^iT r s (T), (h,f)^f(- + h) 

is continuous. This follows from the fact that a translation by a fixed amount is 
an isometry in H^(T) combined with e** — > e l ^ h ° for h — ► ho and the dominated 
convergence theorem. Now, because [— T, T] is compact, we may approximate u G 
C([— T, T], H^(T)) uniformly by a piecewise constant (in time) function and apply 
the result for t fixed. 

For r > 0, the sequences of functions 

u n j(t,x) = u nd (x) = rn~ s e mx + c n j , n G N, j = 1,2 

with c n> i = and c n ,2 = provide a counterexample to the uniform continuity 
on balls. □ 

As in [THl E] we define Q — Go ° t~ , i.e. 

0u(t, a:) - {Qou) [t, x - 2t£ \u(t, y)\ 2 dy^j (48) 
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Lemma 6.4. Le tu,vE C([-T,T], H^nC 1 ((-T,T), L 2 ) such thatv = Qu. Then, 
u solves (jDNLSj) if and only if v solves 

idtv(t) + d 2 x v{t) = -iT(v)(t) - \Q{v){t) , t e (— T, T) 
u(0) = 0tt(Q) 

w/iere 



(49) 



/■27T 

T(w) = v 2 d x v — 2i-l- lmvd x vdxv (50) 
Jo 

and 

Q(w)=^| 4 -^ \v\ 4 dx)v-2£ \v\ 2 dx (\ v \ 2 -£ \v\ 2 dx^v (51) 

i.e. T(v) — T(v,v,v) and Q(v) = Q(v,v,v,v,v) for T and Q defined in ((SJ and 
(I12[) . respectively. Moreover, the map 

G : C([-T,T] fJ ff r s (T)) - C{[-T,T],H»{Y)) 

is a horaeoraorphisra with inverse Q~ x — r + o C*^ 1 . ^ e restrictions of Q and Q~ x 
to arbitrarily small balls fail to be uniformly continuous. However, Q is locally 
bi-lipschitz on subsets of functions with prescribed L 2 norm. 

Proof. To see the equivalence ol (IDNLSp and (|49]) the calculations for the periodic 
case may be found in [16] . Section 2. The fact that we may represent T and Q via 
convolution operators on the Fourier side where certain frequency interactions are 
cancelled out was remarked in [17j . Remark 3.2.7. The verification of the precise 
formulas are straightforward, using (suppressing the t dependence) 

(2tt)~ 1 v * d x v(0) = i+ Imvd x v dx 



o 

/2tt 
\v\ 2 dx 



o 



(2n) 2 v * v * v * v(0) = + \v\ 4 dx 
Jo 

The mapping properties follow from Lemma 16.21 □ 
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Remark 4. The cancellation of certain frequency interactions due to the term 

r2-rr 

Imvd r v dxv , 



which is crucial for our arguments, cp. ([8]), is an important feature of the gauge 
transformation. We observe as well that this expression itself is not well-defined in 

H?{T) for 1 < r < 2. 



7. Proof of well-posedness 

Now, we show that the Cauchy problem (|4"9"| is well-posed. Let \ S Cq°(R) be 
nonnegative and symmetric such that x(t) — for \t\ > 2 and x{t) = 1 f° r < 1- 
Recall that Z^. := X^ H X*'^. We have, similar to the L 2 case, the following 
linear estimates: 
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Lemma 7.1. Let sel, 1 < r < oo. 

Ilx^oll 



X / S(t-t')u(t')dt' 



Zi ~ \\ u o\\h° 



(52) 
(53) 



Proof. We use the approach from [7], Lemma 3.1. Let uo G C°°(R) be periodic. 
We calculate !F(x^ u o)(t 7 £,) — Ftx( T + £, 2 )F x uo(£,) and (|52|) follows because T t x is 
rapidly decreasing. It suffices to consider smooth u with supp(u) C {(i, x) \ \t\ < 2}. 
We rewrite 

X (t) [ S{t-t')f{t')dt' = F 1 (t) + F 2 (t) 
Jo 

where 

W) =^x(t)S(t) { <p(t')S(-t')u(t')dt' 

m) =\x{t) I <p(t-t')s{t-t')u{t')dt' 

£ ./iff 



and (p(t f ) = x(^'/10) sign(t'). Concerning 99 we have 

l^¥>(r)| < (r)- 1 

Estimate (|52j) yields 

£ / v(t')S(-t')u(t')dt' 
Js. 

Parseval's equality implies 

J", ! / y{t')S{-t')u{t') dt' ) (0 = [j^p(T + Z 2 )Fu{T,0dr 



(54) 



which gives 



/ 



ip(t')S(-t')u(t')dt' 



< 



by (|54p . Now, let us consider F2. Due to Young's inequality, we may remove the 
cutoff function x m front of the integral. The Fourier transform of the remainder 
is given by 

T (jf tp{t - t')S{t - t')u{t') dt^j (r, = TMt + e)Fu{r, 

Estimate (JM]) proves d53J). □ 

A standard application of the fixed point argument gives 
Theorem 7.2. Let § < q < r < 2. Then, for every 

vo E B R := {v E H^ r (T) \ \\v \\~ i>g < R} 
and T < R~ 2q ~ there exists a solution 

v€Z?(T)cC([-T,T],H?(T)) 
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of the Cauchy problem (|49|) . This solution is unique in the space Zq (T) and the 
map 

(Br, II • II-,.) — C([-T,T],Hi> r (T)) : v » v 
is locally Lipschitz continuous. Moreover, it is real analytic. 

Sketch of proof. As a consequence of the estimates (1531) . (fTUj) and (TT5l) 

ft 

*(«)(*):= / e*"*')^ (-|fi-*T)«(t / )& / 



i 



extends to a continuous map $ : Z r 2 (T) — > Z r 2 (T) for | < r < 2 along with the 
estimate 



|$(vi)-$(«a)|| i <T^~ Huill i +||w 2 || i ||«i-«a|| i 

V ^ V ;ll Z r 2 (T) V 1 "z r 2 (T) " Z 2 (T)/ " Z r 2 (T) 



-T r> k?i i + mo i k>i — V2 1 i 



and with (l52l) we also have 



(55) 



l|e^«o + *(«)|| i < IMI 54 , ri + T±- \\vf 4 + T^-||z;|| 5 , 

Z 2 (T) Z?(T) Z?(T) 

Hence, for fixed vo the operator e ltd *vo + $ : D — > D is a strict contraction in 

some closed ball -D C Z, 2 (T) for small enough T. By the contraction mapping 

i 

principle we find a fixed point v € Z,? (T) which is a solution of for small 

times. Similarly, the implicit function theorem shows that the map vq > w is real 

i 

analytic, hence locally Lipschitz. Uniqueness in Z g 2 (T) follows by contradiction: 
A translation in time reduces matters to uniqueness for an arbitrarily short time 
interval which follows from the estimate (|55p with r = q. The lower bound on the 
maximal time of existence is a consequence of the mixed estimate 

IN i £ IK0)|U± +T7-\\v\\ 2 j ||v|| i +T7"|| W || 4 1 ||v|| i 

"Z, ! (T) " V? 2 2 (T) V 3 (T) Z 2 (T) "z r 5 (T) 

for solutions v and an iteration argument. □ 

By combining Theorem 17. 21 with Lemma 16.41 and some approximation arguments 
Theorem 11.21 follows (this is carried out in detail in [Tl] for the nonperiodic case) . 



Remark 5. In fact, our estimates also imply uniqueness of solutions of (|49p in a 

ii 

restriction space based on the X 2 2 2 component only. Hence, the optimal uniqueness 
statement concerning solutions of (|DNLS[) provided by our methods is the following: 

Let 4/3 < q < 2 and Ul ,u 2 £ C([—T,T],H^(T)) be solutions of (|DNLS|) with 

i i 

iti(O) = 112(0). If additionally Qu\,Qu 2 € X 2 ' 2 2 which also satisfy the equation 
(|49|) . then m = u 2 . 
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